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NNLO QCD CORRECTIONS TO B ^ X^-f 
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Current status of the NNLO QCD corrections to B ^ Xs^ is reviewed. The calculations 
include three-loop matching conditions, four-loop anomalous dimensions as well as two- and 
three-loop on-shell amplitudes. Certain parts of the three-loop matrix elements are found by 
interpolation in the charm quark mass between the large-/3o approximation in the nic = case 
and the complete result in the rUc 3> mi,/2 case. 



X 
J3 



1 Introduction 

The weak radiative 5-meson decay is known to be a sensitive probe of new physics. Thus, it is 
essential to calculate the Standard Model value of its branching ratio as precisely as possible. 
In order to do so, one writes 
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where B{B — > XceP)™p is the measured semileptonic branching ratio. The 6-quark radiative and 
semileptonic decay widths T{b — > 57) and T(b — > ceu) are calculated perturbatively at the leading 
order in electroweak interactions and neglecting QCD effects. Normalization to the semileptonic 
rate is introduced to eliminate uncertainties from the CKM angles and overall factors of m^. 
The Leading Order (LO) QCD correction factor is denoted by / (as(Miy)/as(?n.f,)). 

Higher-order perturbative and non-perturbative corrections are listed in the second line of 
Eq. n Their approximate sizes are indicated. The non-perturbative effects arise only as correc- 
tions, thanks to the heaviness of the 6-quark {rrih » A = Aqcd) and to the inclusive character 



of the considered decays?^ The 0{as), 0{aem), 0{h? /ml) and 0{h? /ml) contributions are 
known since many years0 On the other hand, the indicated sizes of the 0{a1) and 0(asA/mb) 
corrections are only estimates that were made before the actual calculation of the Next-to-Next- 
to-Leading (NNLO) QCD corrections (©(a^))^ 

The current experimental world average for the branching ratio reads^^ 
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(2) 



where the combined error is approximately equal to the expected size of the 0{al) effects. Thus, 
the currently reported NNLO calculation is well- motivated. It is hoped that the 0{asA/mh) 
uncertainty can be reduced in the future by performing a dedicated analysis. 





Figure 1: Sample 1-loop diagram. 



Figure 2. Sample 2-loop diagram. 



Fig. 1 presents a sample leading-order electroweak diagram for 6 ^ 57 in the SM. Two-loop 
diagrams like the one shown in Fig. 2 contain large logarithms lnM^^/ml which enhance the 
branching ratio by more than a factor of two. Such logarithms are resummed from all orders of 
the perturbation series into the LO QCD correction factor f {as{Mw)/as{mb)). Resummation 
of large logarithms is necessary at higher orders, too. Since two loops are relevant at the LO, 
four loops are necessary at the NNLO, which makes the O(a^) calculation extremely involved. 

2 The effective Lagrangian 

Resummation of (as In M^/m^)" at each order in is most conveniently performed in the 
framework of an effective theory that arises from the SM after decoupling of the heavy elec- 
troweak bosons and the top quark. The Lagrangian of such a theory reads 
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The operators Qi and numerical values of their Wilson coefficients at ~ mb are as follows: 

i = l,2, |Q(mb)|~l, 



Qi 
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167r2 
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7, 



\Ciimb)\ < 0.07, 
Crimb) ~ -0.3, 
Csimb) 0.15. 
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Here, F and F' stand for various products of the Dirac and color matrice J The perturbative 
calculations are performed in three steps: (i) Matching: Evaluating Cj(/io) at ^0 ~ by re- 
quiring equality of the SM and effective theory Green's functions at the leading order in (external 
moment a) /Mpi/. (ii) Mixing: Deriving the effective theory Renormalization Group Equations 
(RGE) and evolving Cj(^) from down to fib ~ '^fe- (iii) Matrix elements: Evaluating the 
on-shell b xf^^^°'^j amplitudes at Hb ~ mb- 



Figure 3: Corrections Si, S^^' , a^nd S3 (xlOO) as functions of r — mc{mc) / m\ (see the text). 

3 Current status of the NNLO calculation 

The 3-loop matching for Qi and was evaluated more th an tw o years ag The 3-loop mixings 
in the Qi-Qq and Qj-Qs sectors were found more recentlj^Al^ The yet unpublished resultJ^on 
the 4-loop mixing of Qi-Qq into Qj will be used below. The effect of the unknown 4-loop mixing 
of Qi-Qe into Qs is expected to be small. Nevertheless, its calculation is underwa}^ 

As far as the matrix elements are concerned, contr ibutio ns to the decay rate that are propor- 
tional to |C7(//b)p are completely kno wn at th e NNLoP^^ These two-loop results have recently 
been confirmed by independent groups^^^ 

Two- and three-loop matrix elements in the so-called large- /?o approximation were founcJl^ 
as an expansion in rric/mh that is convergent for rric < 'mf)/2, i.e. in the physical do main . The 
remaining ("beyond-large-/3o") contributions to the matrix elements were calculateci^ in the 
limit rUc ^ mh/2 and then interpolated to smaller values of rric (see the next section). 

In order to relate our result with Scut = 1-6 GeV to the measurements with cuts at 1.8 GeV 
(BellJEl) and 1.9 GeV (BaBa^, one needs to evaluate ratios of the d ecay rates with different 
cuts. Such a calculation at the NNLO has recently been completedP^ However, the final 
numerical results are not yet available, and the average in Eq. El does not include them. 

4 Interpolation in nic 

Let us parametrize the NNLO correction to the branching ratio in terms of three quantities 6i 
B{B ^ X,7)^ 

T,>1.6GcV — i3NNLo(r) = i3NLo(r) + ^NLo(0.262) {5i + 52{r) + 53(r)) , (5) 

where r = mc{'mc) /m\^ and ;Bnlo (0.262) ~ 3.38 x 10~^. The quantities 5i contain terms 
depending on different contributions to the Wilson coefficient perturbative expansion 

a(/..) = Cr\,,) + )(^,) + ( ^]'c?\,,) + .... (6) 



47r V 47r , 

In particular, 5i contains terms proportional to cf''^C^p and c\^^C^p , 82 ~ terms proportional 
to cf'^C^p , and ^3 - terms proportional to cf^^C^p . The so-called large- /?o part of 82 is found 
from the fermionic contributions to this quantity: 82=Anf + B = 82° + 8^2^^ where 82° = 
— 1(11 — 2/?,nf)A and 8^2^ = + B. Here, = 5 is the number of active flavors in the 
effective theory. While 82 is 

knowiPCl 

for all r, 8^2^^ has been calculate only for r ^ i 
and needs to be interpolated to lower values of r. 

Preliminary results of this interpolation are summarized in Fig. 3 (for /Xf, = m^). The two 
vertical lines mark the experimental bounds on r. Dashed curves show the calculated asymptotic 



behavior of each 6i for r ^ ^ at the leading order in l/(4r^), i.e. including only the constant 
and logarithmic terms. Solid lines show either the known exact dependence on r (for 6i and S3), 
the known small-r expansion (for 62°) or the interpolation (for (^2*^™). The interpolation can be 
performed approximating 62^^ by a linear combination of four functions: 

Sf"^{r) = a B^Ur) + b r ^B^^o(.r) + c 5^%r) + d (7) 

The coefficients a, b, c and d are determined in a unique manner from the asymptotic behavior at 
large r and from the requirement that either 52^"^ (0) = (lower curves) or 5i +(^2'^™(0) + 53(0) = 
(upper curves). The assumed functional dependence of 52^^ on r is motivated by the r- 
dependence of renormalization-induced effects. In many explicitly calculated examples, such 
effects have been found to dominate over other terms of the same order. 



5 Conclusion 

The two ways of interpolation-'-^ lead to two values of the NNLO branching ratio ;Bnnlo = 
3.06 X 10~^ or ^NNLo = 3.24 x 10~^, for E-y > 1.6 GeV. These values are around 6% apart from 
each other and around 7% below the NLO result Bf^^o = 3.38 x 10~^. Their average 3. 15 x 10^^ is 
around 1.5o"exp below the experimental result in Eq. |21 Consequently, extensions of the SM 
predicting a suppression of the 6 — > 57 amplitude are going to be more constrained than 
previously. 
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